The purpose of this note is to describe some recent results on the existence and regularity of solutions of semilinear wave equations of the form f u tt " u xx + f(u) =0 ' 0 < x < TT , t e R
'"
I U(0,t) = 0 = u(7T,t)
where f(0) = 0 . Of interest is the existence of time periodic solutions of (1) . Note that u = 0 is a trivial such solution; nontrivial solutions are often called free vibrations for (1) . The same methods we shall describe below can be used to treat the forced vibration case where f also depends explicitly on t in a time periodic fashion.
There is a substantial literature on forced and free vibration problems for (1) , mainly for the former case with f being a perturbation term,
i.e. f= eg(x,t,u) where e is small. See e.g. [1-8] and the references cited there. The work to be discussed here can be found in detail in [9] .
Our main result for (1) is : Theorem 2 ; Suppose feC , k > 2 , and satisfies (fl) f is strictly monotone increasing with f(0) = 0 , (f2) f is superlinear at 0 and oo , i.e. formally critical points of
in E are weak solutions of (1) . Unfortunately we know of no direct way of determining nontrivial critical points of (3) . However if a finite dimensional approximation argument is used, i.e. (3) is restricted to E = span {sin jx sin kt , sin jx cos kt| 0 < j,k < m} , the form of (3) and hypotheses on f imply the existence of a nontrivial critical point.
The problem then becomes that of finding bounds for this critical point
Before sketching the proof, a few remarks are in order. We do not know if the restriction on T is essential. The reason for this assumption here is that for such t , the spectrum of Turning now to the proof of Theorem 2 , the basic idea is to try to find a solution of (1) as a critical point of a corresponding functional.
For convenience we take T = 2TT . Consider the set of smooth functions 27r periodic in t and having compact support (in (0,7T)) in x. Let E denote the closure of this set with respect to which enable us to pass to a limit and get a nontrivial solution of (1) .
Two technical problems impede this program. To describe them, consider the linear problem Dw= g(x,t) , (4) т) = w(x, t) Г Dw= g(x,t) , l w(0, t) = 0 = w(тr, t) ; w(x, t + 27T)
Under these boundary and periodicity conditions, D has a null space whose
If N denotes the orthogonal complement of N in L , then for g e N , (4) is uniquely invertible in N~ with a gain of one derivative in either the L or sup norms [4, 5] . Thus we have some compactness for the projection of (1) in N ; however there is none in N .
The two technical difficulties mentioned above are:
(i) the unrestricted growth of f at w does not permit us to obtain the necessary estimates for w , the component of u in N ; (ii) the lack of compactness of the projection of (1) in N .
To get around these difficulties, we modify (1) and (3) .
For u e E , we can write u = v + w where v e N and w e N Let p > 0 . Consider
where f K satisfies (fl)-(f2) , f K (z) = f(z) for |z| < K , and L, grows at a prescribed rate, e.g. cubically, at oo . The p term essentially compactifies the projection of (1) on N . Corresponding to (5) we have the functional;
where F K is the primitive of f . The idea now is to: 1° find an appropriate critical point of l| ; 2° get suitable estimates for this m critical point; 3 pass to a limit and solve (5); 4° get £ and K independent estimates for solutions of (5) ; and 5° let p -* 0 and K -oo to solve (1) . This is too lengthy a process for us to carry out now so we will content ourselves with just trying to give the flavor of a few of the estimates that are involved. To do this we return to (1) and argue a priori . This is much simpler than the actual procedure carried out in the existence argument.
Thus suppose we have a smooth solution u . of (1) . We will obtain bounds for u in terms of c , the critical value of I corresponding There is a representation theorem [5] for solutions of (4) We assume v^ 0 or there is nothing to prove.
From (9) we conclude that Next the arguments used to obtain the bound for || v|| can be modified
Lt
to estimate the modulus of continuity of v . In the framework of (5) , these bounds enable us to pass to a limit to get a continuous weak solution of (1) . A separate argument shows u ^ 0 . To verify that u is indeed a smooth solution of (1) requires further arguments which we will not carry out here.
